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Abstract
We show that the solution corresponding to the gravitational field of a point
particle at rest in 2 + 1 nonprojectable Horˇava is exactly the same as its
analogous in 2 + 1 General Relativity. This solution is well known, it is a
flat cone whose deficit angle is proportional to the mass of the particle. To
establish the system we couple the Horˇava theory to a point particle with
relativistic action. As a consequence of this result, we define the condition of
asymptotic flatness exactly in the same way of 2 + 1 General Relativity. A
remarkable feature of this condition is that the dominant mode is not fixed,
but affected by the mass of the configuration. Anoter important coincidence
with 2 + 1 General Relativity under asymptotic flatness is that the energy is
the same (except for some coupling constants involved), the z = 1 term with
the derivative of the lapse function does not contribute.
1 Introduction
In gravitational physics asymptotic flatness is a key concept in the study of finite-
size, localized systems. In simple grounds, one wants a way of getting arbitrarily far
away from the localized system. In 3 + 1 and 2 + 1 dimensional General Relativity
asymptotic flatness has well-established definitions. Interestingly, the scenario in
the 2+ 1 theory is substantially different to the 3+ 1 case since the 2+ 1 definition
is not based on having a fixed metric at infinity [1]. The dominant mode in the
asymptotic expansion varies functionally among the admissible configurations. This
can be traced back to the variability of the mass originating the asymptotically
flat configuration. In general, 2 + 1 General Relativity is quite different to its
four-dimensional counterpart since it is a topological theory, in the sense that the
vacuum theory without cosmological constant has vanishing curvature, whereas
with cosmological constant it yields constant curvature. Despite of this, the theory
is far from being trivial, as it is exemplified by the well known case of the Ban˜ados-
Teitelboim-Zanelli black hole solution with a negative cosmological constant [2].
Further developments of the asymptotic flatness and the energy in 2 + 1 General
Relativity can be found, for example, in Refs. [3, 4, 5].
On the other hand, our understanding of the gravitational interactions is incom-
plete since there is not a definitive gravitational theory valid at quantum scales.
Horˇava theory [6, 7] is precisely a proposal for the consistent quantization of the
gravitational interactions. It is based on a foliation of spacelike hypersurfaces en-
dowed with absolute physical meaning. In consequence, the allowed symmetry
corresponds to those coordinate transformations that preserve the preferred folia-
tion. The theory is made with higher order spatial-derivative terms, defining in this
way a power-counting renormalizable theory. Indeed, the complete renormalization
of the projectable version, in which case the lapse function is restricted to be a
function only of time, has been proven [8].
The generic formulation of the Horˇava gravity propagates one physical degree
of freedom in addition to the two tensorial modes that are also present in four-
dimensional General Relativity. This holds excluding the cases of the kinetic-
conformal formulation [9], which is defined at a critical point of the theory, and
other modifications like models with further gauge symmetries [10]. In these cases
the extra mode is eliminated. In the generic formulation the extra mode exhibits
the so-called strong-coupling problem, which can be circumvented by lowering the
scale of activation of the higher order operators [11, 12, 13].
The scalar mode is also present in the 2 + 1 dimensional Horˇava theory, where
it is the unique propagating mode. A clear identification of this mode in the non-
projectable 2 + 1 Horˇava theory has been carried out in Ref. [14]. The presence
of this mode brings an interesting scenario since the 2 + 1 dimensional theory be-
comes nontopological. Thus, Horˇava theory provides us a truly local gravitational
theory in 2 + 1 dimensions. It contains a physical mode candidate for carrying the
gravitational interaction in the quantum formulation, even in the vacuum and in
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the absence of cosmological constant.
A better understanding of the 2+1 Horˇava theory requires a proper definition of
the asymptotic-flatness condition neccessary for localized systems. In this paper we
address this problem for the generic nonprojectable version of the Horˇava theory,
excluding the case of the kinetic-conformal critical point. To define the asymptotic-
flatness condition, we adopt the same criterium used in 2+1 General Relativity [1].
In 2 + 1 General Relativity the exact solution corresponding to the gravitational
field of a point particle at rest is known [15]. Excluding some ranges of values for
the mass of the particle, the solution corresponds to a conical singularity with a
flat space outside the source. The conical angle depends on the mass. Based on
this, the criterium for defining an asymptotically flat configuration is established as
the condition that such a configuration must approach the point-particle solution
for large enough distances. The fact that the conical angle of the solution depends
on the mass translates to the definition of the asymptotic flatness, having as a
consequence that the leading mode of the expansion is not fixed, but functionally
variable, unlike the asymptotically-flat condition in four dimensional gravity.
In this paper we carry out the same two main steps in the 2+ 1 Horˇava theory:
first, we search for the point-particle solution and, second, we establish the definition
of the asymptotic flatness based on this solution. We start by setting the coupling of
the Horˇava theory to the particle. We keep a relativistic dynamics for the particle,
but living in a ambient space governed by the Horˇava theory. Therefore, we evaluate
the relativistic line element of the particle on a geometrical background given by the
Arnowitt-Deser-Misner (ADM) field variables of the Horˇava theory. The motivation
for this choice is the fact that relativistic physics is strongly supported by tests in
the matter sector, hence we wish to keep our model, although three-dimensional,
as realistic as possible. Of course, other choices are possible. With regard this we
comment that we obtain the gravitational solution with the particle at rest. The
effect of a particle at rest in the gravitational field equations can be embedded in
several particle dynamics, relativistic or not, contributing in the same way by means
of a delta-source term. In addition, we consider the coupling of the particle to the
large-distance effective action of the Horˇava gravity, which is given by the lowest
order terms in derivatives in the potential. This is a good scenario for studying
asymptotic flatness, where gravitational fields are supposed to be weak. We remark
that the effective action is foliation-preserving-diffeomorphisms (FDiff) invariant,
hence nonrelativistic. In particular it includes the (∂i lnN)
2 term in the potential,
where N is the lapse function and ∂i are spatial derivatives.
We give in advance the rather surprising result that the point-particle field
solution is exactly the same as in General Relativity (except for different coupling
constants). An inmediate consequence of this is that the condition of asymptotic
flatness in nonprojectable Horˇava theory in 2+1 dimensions is the same as in 2+1
General Relativity.
As it is well-known, the definition of asymptotic flatness has consequences on
the differentiability of functionals like the Hamiltonian [16], which in turns con-
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nects with the value of the energy for this kind of configurations. The need of a
differentiable Hamiltonian for asymptotically flat configurations adds a boundary
counterterm, which is the ADM energy in the 3 + 1 case. A similar relationship
occurs in 3 + 1 nonprojectable Horˇava theory [17, 18], where the gradient flux of
the lapse function at infinity contributes with the energy, besides the ADM term.
This happens also in the kinetic-conformal formulation, whose canonical version
is obtained independently of the generic case due to the extra constraints [9]. Si-
multaneosly to the definition of the asymptotic-flatness condition in 2 + 1 General
Relativity, in Ref. [1] the boundary counterterm giving the energy was found by
means of variations in the space of 2 + 1 asymptotically flat configurations. Since
in this paper we undertake the issue of the 2 + 1 asymptotic-flatness in Horˇava
theory, an natural subsequent step is to apply it to discuss the differentiability of
the Hamiltonian, searching for possible counterterms giving the energy for asymp-
totically flat configurations. We anticipate again the result: it turns out that the
energy is the same of 2 + 1 General Relativity. This is also surprising and quite
different to the 3 + 1 Horˇava theory since we find that there is no contribution of
the flux of the lapse function at the infinite boundary.
This paper is organized as follows. In section 2 we present the large-distance
effective nonprojectable 2 + 1 Horˇava theory coupled to the relativistic particle.
In section 3 we find the solution for the gravitational field of the particle at rest.
In section 4 we define the condition of asymptotic flatness, which is the same of
the 2 + 1 dimensional General Relativity. In section 5 we perform the canonical
formulation of the 2 + 1 theory, with the final aim of studying the differentiability
of the Hamiltonian and the boundary terms giving the energy.
2 Lagrangian Formulation
As we have commented, our strategy for posing the system Horˇava gravity-point
particle is to consider a relativistic particle moving on a (dynamical) background
governed by the field equations of the Horˇava theory. The action of the relativistic
particle is the usual embedding of the 4-dimensional length of its trayectory into the
ambient spacetime. In Horˇava theory the analogous role of spacetime is played by
the ADM variables, hence we may use them to build the background on which the
particle moves. The spacetime metric can be build in terms of the ADM variables
according to
gµν =
( −N2 +NkNk Nj
Ni gij
)
, (2.1)
where N is the lapse function, Nk is the shift function and gij is the spatial metric
(spatial indices are raised and lowered with gij). To simplify the discussion we
choose the time coordinate t of the ambient foliation to parameterize the world-line
of the particle. The mechanics of the particle is characterized by the embedding
fields q0 = q0(t) and qi = qi(t), which define the position of the particle in the
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foliation. Thus, whenever they are involved in the particle dynamics, the ADM
variables are evaluated on the position of the particle, gij(q(t)), and so on. On the
side of the Horˇava gravity we consider the effective theory for large distances, which
is given by the potential of second order in spatial derivatives,
V = −βR− αakak , (2.2)
where β and α are coupling constants and
ai =
∂iN
N
(2.3)
is a FDiff-covariant vector [19]. Since we are interested in asymptotic flatness we do
not consider a cosmological-constant term in the potential. The combined system
Horˇava gravity-point particle in d spatial dimensions is given by the action
S =
1
2κ
∫
dtddx
√
gN
(
KijK
ij − λK2 + βR + αakak
)−m ∫ dt√L , (2.4)
where
Kij =
1
2N
(
g˙ij − 2∇(iNj)
)
, (2.5)
L = (N2 −NkNk)
(
q˙0
)2 − 2Nkq˙0q˙k − gklq˙kq˙l , (2.6)
K ≡ gijKij , m is the mass of the particle, κ and λ are coupling constants and
the dot stands for derivative with respect to t, g˙ij ≡ ∂gij/∂t. The tensor (2.5) is
the extrinsic curvature tensor of the leaves of the foliation. L is the squared line
element of the particle evaluated on the background of the ADM variables, and
these variables are evaluated at the position of the particle in L.
The field equations of the ADM variables are obtained by varying the action
(2.4) with respect to them. This yields
KijKij − λK2 + βR + αaiai − 2α∇
2N
N
= 2κm
(q˙0)2N√
gL
δ(d)(xk − qk) , (2.7)
Gijkl∇jKkl = − κm√
gL
(
(q˙0)2N i + q˙0q˙i
)
δ(d)(xm − qm) , (2.8)
1√
g
∂
∂t
(√
gGijklKkl
)
+ 2Gmikl∇m(N jKkl)−Gijkl∇n(NnKkl)
+2N(KikK
jk − 2λKKij)− 1
2
NgijGklmnKklKmn − β
(∇ijN − gij∇2N)
+
α
N
(
∇iN∇jN − 1
2
gij∇kN∇kN
)
− βN
(
Rij − 1
2
gijR
)
=
κm√
gL
(
q˙iq˙j − (q˙0)2N iN j) δ(d)(xm − qm) . (2.9)
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The equations of motion corresponding to the variations of the coordinates of the
particle are
qi′′ + Γiklq
k′ql′ + 2gil∂[kNl]q
0′qk′ +N iq0′′
+
1
2
∂i
(
N2 −NkNk
)
(q0′)2 = 0 , (2.10)
2√
L
d
dt
(
(N2 −NkNk)q0′ −Nkqk′
)
+ ∂0
(
N2 −NkNk
)
(q0′)2
−∂0gijqi′qj ′ − 2∂0Nkq0′qk ′ = 0 , (2.11)
where the prime means
ψ′ ≡ 1√
L
∂ψ
∂t
. (2.12)
3 Gravitational field of the particle at rest
We now consider the particle at rest located at the origin of the coordinate system
of the two-dimensional spatial slices. This is achieved by fixing q0 = t, qi = 0.
On the side of the Horˇava gravity we impose the gauge Ni = 0, and we regard the
fields gij and N as static. As in 2 + 1 General Relativity, we assume that N has a
fixed value at infinity, say N∞ = 1. Under these settings the field equation (2.8) is
automatically solved. Since we are in two spatial dimensions we have the identity
Rij − 12gijR = 0. Equation (2.9) then takes the form
β
(∇ijN − gij∇2N) − α
N
(
∇iN∇jN − 1
2
gij∇kN∇kN
)
= 0 . (3.1)
The trace of this equation, assuming β 6= 0, yields
∇2N = 0 . (3.2)
Thus, with the given boundary condition, the lapse function is everywhere constant,
N = 1. With the information we have so far, the equations of motion of the particle
(2.10) and (2.11) are completely solved. There remains the constraint (2.7) as the
unique equation to be solved. It becomes
√
gR =
2κm
β
δ(2)(xi) . (3.3)
This is exactly the same equation that arises in 2 + 1 General Relativity coupled
to a point particle at rest, except for the coupling constant. In 2 + 1 General
Relativity the analogous equations is
√
gR = 16πGNmδ
(2)(xi), hence the coupling
constant for the three-dimensional Horˇava theory analogous to the Newton constant
is κ/8πβ. Therefore, the solution of Eq. (3.3) is functionally the same of 2 + 1
General Relativity. Since this one of the central results of this paper, we reproduce
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here how the solution of Eq. (3.3) is found. Actually, it was found as a problem
of many particles in Ref. [15], whereas the two-body form was first obtained in
Ref. [20] by a different argument. Following [15], we write the spatial metric in a
coordinate system where it gets an explicit conformally flat form,
ds2(2) = Ω(x, y)
2(dx2 + dy2) . (3.4)
The Ricci scalar becomes
√
gR = −2∆ lnΩ, where ∆ ≡ ∂xx + ∂yy is the flat Lapla-
cian. Then Eq. (3.3) takes the form
∆ lnΩ = −κm
β
δ(2)(xm) . (3.5)
The two-dimensional Green function, ∆G(~x, ~x ′) = 2πδ(~x− ~x ′), has the form
G(~x, ~x ′) = ln
( |~x− ~x ′|
r0
)
, (3.6)
where r0 is an arbitrary constant. Thus, the solution of Eq. (3.5) is Ω = r
−
κm
piβ ,
where r ≡
√
x2 + y2, and we have absorbed r0 by means of a coordinate rescaling.
Thus, we have that the final solution can be expressed in polar coordinates,
ds2 = r−
κm
piβ (dr2 + r2dθ2) . (3.7)
For a better understanding of the geometry the following coordinate transformation
is useful,
ρ =
1
γ
rγ , θ ′ = γθ , γ ≡ 1− κm
2πβ
. (3.8)
The line element (3.7) acquires an explicit flat form,
ds2 = dρ2 + ρ2dθ ′
2
. (3.9)
If m = 0 the solution is a regular, globally flat geometry. For nonzero values of m
there are three qualitatively different kinds of geometries, depending on the three
cases: m < 2πβ/κ, m > 2πβ/κ and m = 2πβ/κ, which give γ > 0, γ < 0 and γ = 0
respectively. For γ > 0 the geometry is a flat cone with a singularity at the origin,
where the massive particle is located. The points with infinite r are at infinite
proper distance from any point of the interior of the cone [1]. This is a requisite
for the expected asymptotic-flatness condition defined on the basis of this solution.
The range of the cone coordinates are ρ ∈ [0,∞) and θ ′ ∈ [0, 2πγ]. Outside the
singularity the geometry is flat. The cone can have a defficit angle or an excess angle
depending on whether κm/β is positive or negative respectively. The presence of the
coupling constant β allows for more posibilities of sign than in General Relativity.
Even in the 3 + 1 Horˇava theory one has an argument for restricting the sign of
β:
√
β is the speed of the tensorial modes. Below we will see that the speed of
the unique propagating mode in the 2 + 1 theory does depend on β, but it does
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not restricts its sign. Therefore, with the information we have found in this paper
we do not get restrictions on the sign of β. For γ < 0 the original location of the
particle, r = 0, lies now at infinity in the coordinate ρ, whereas the infinite distance
from the particle in the r coordinate is now at finite proper distance of the interior
points. In this case the space curls up. For γ = 0 the geometry corresponds to a
cilinder. The two last geometries are not compatible with the notion of asymptotic
flatness, they are actually excluded. Further discussion on these two cases can be
found in Refs. [15, 1].
4 Asymptotic flatness
In 2+1 General Relativity the asymptotic flatness of the gravitational field variables
is managed by taking the point-particle solution as giving the dominant mode in
the asymptotic expansion [1]. Here we adopt the same point of view. Since the
solution is the same of General Relativity, the asymptotically flat condition for the
Horˇava theory is also the same, hence our exposition is paralell to the known case
of General Relativity.
In the asymptotic region of the spatial slices one can introduce polar coordinates
r, θ and their corresponding Cartesian coordinates x, y. We assume that if a variable
is of order O(rn) asymptotically, then its derivatives ∂iO(rn) ∼ O(rn−1). The lapse
function approaches its fixed value according to
N = 1 +O(r−1) . (4.1)
The asymptotic form of the metric in two spatial dimensions in Cartesian coordi-
nates is given by
gij = r
−µ(δij +O(r−1)) , (4.2)
where µ is an arbitrary constant. It is useful to write an arbitrary variation of the
metric (4.2), considering that the value of the constant µ varies among the different
configurations,
δgij = r
−µ(−δµ ln r δij +O(r−1)) . (4.3)
Other composed objects that we need are
R ∼ O(rµ−3) , ai ∼ O(r−2) . (4.4)
For the canonical momentum πij we follow a criterium analogous to the one used
in Ref. [1] for 2 + 1 General Relativity. On basic grounds, the kinetic term of the
canonical action must be well defined, hence the integral∫
d2xπij g˙ij (4.5)
must converge. This requisite is satisfied if we assume that the asymptotic behavior
of the canonical momentum is
πij ∼ O(rµ−2) . (4.6)
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5 Canonical formulation
Our aim in this section is to perform first the general Hamiltonian formulation
and then study the conditions for the differentiability of the Hamiltonian and the
relationship with the energy. For the sake of completeness, in the first part we keep
the coupling to the relativistic particle.
5.1 General formalism
We follow the route of obtaining the Hamiltonian from a Legendre transformation
of the action (2.4). Our approach is close to the approach of Ref. [21], which is
devoted to the system General Relativity-point particle in 2 + 1 dimensions. In
order to simplify the notation, in this section we use units such that 2κ = 1, and
to simplify the computations we set q0(t) = t. The canonical gravitational and
particle momenta are obtained by the Legendre transformation,
πij =
√
g(Kij − λgijK) , pi = m√
L
(
gij q˙
j +Ni(q)
)
. (5.1)
The total Hamiltonian of the system Horˇava gravity-point particle in d spatial
dimensions is
H =
∫
ddx
[
N√
g
(
πklπkl +
λ
1− λdπ
2
)
−√gN (βR+ αakak)+NkHk + σPN
]
+N(q)
√
pkpk +m2 −Nk(q)pk , (5.2)
Hi is the sourced momentum constraint,
Hi = −2∇jπij − piδ(d)(xk − qk) = 0 , (5.3)
and the shift vector Ni plays the role of its Lagrange multiplier. PN is the momen-
tum canonically conjugated to N , which is zero. We have incorporated this primary
constraint to the Hamiltonian with the Lagrange multiplier σ. In all the canonical
formalism we assume λ 6= 1/d.
In d = 2 dimensions, the terms of the Hamiltonian that depend on the canonical
momentum, ∫
dx2
N√
g
(
πklπkl +
λ
1− 2λπ
2
)
, (5.4)
impose a bound on the asymptotic flatness condition, like in 2+1 General Relativity,
which in turn becomes a bound on the value of the Hamiltonian [1]. This comes
from the requisite that the operator (5.4) is well defined, since it should be the
generator of the time evolution of the spatial metric, that is, the variation of the
Hamiltonian should yield the equation for g˙ij. This implies that the integral in (5.4)
must converge. Since the integrand has an asymptotic power of rµ−4, the integral
does not converge unless µ < 2.
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The time preservation of the PN = 0 constraint leads to the sourced Hamiltonian
constraint
H ≡ 1√
g
(
πklπkl +
λ
1− λdπ
2
)
−√g [βR− α (akak + 2∇kak)]
+
√
pkpk +m2δ
(d)(xi − qi) = 0 .
(5.5)
In turn, the preservation of the Hamiltonian constraint leads to a partial differential
equation for the Lagrangian multiplier σ. Dirac’s procedure ends with this step. The
theory has the constraints PN = 0, Hi = 0 and H = 0. The balance between field
variables, constraints and gauge symmetries indicates that the theory propagates a
single (even) degree of freedom.
The equations of motion in the canonical formalism in d spatial dimensions are
g˙ij =
2N√
g
(
πij +
λ
1− λdgijπ
)
+ 2∇(iNj) , (5.6)
π˙ij = −2N√
g
[
πikπjk − 1
4
gijπklπkl +
λ
1− λd
(
ππij − 1
4
gijπ2
)]
−βN√g
(
Rij − 1
2
gijR
)
− α
√
g
N
(
∇iN∇jN − 1
2
gij∇kN∇kN
)
+β
√
g
(∇ijN − gij∇2N)− 2√g∇k(NN (iπj)k)
+
√
g∇k(NNkπij)−
(
N iN j − p
ipj
2
√
pkpk +m2
)
δ(d)(xi − qi) , (5.7)
q˙i = −N i(q) + N(q)p
i√
pkpk +m2
, (5.8)
p˙i = ∂i
(
Nk(q)p
k −N(q)
√
pkpk +m2
)
. (5.9)
5.2 Linearized equations
We briefly confirm, by means of a linear-order perturbative analysis, that the
(sourceless) theory propagates one scalar degree of freedom. This provides com-
pleteness to our analysis and allow to test the consistency of the Hamiltonian for-
mulation. The perturbative analysis around a globally flat space, which is the
background with µ = 0, such that the conical singularity disappears, was already
done for the theory in the Lagrangian formalism with all relevant operators in
Ref. [14]. We also consider the pertubations around the globally flat space, hence
we set µ = 0 for this analysis. However, other background geometries are possible
for other values of µ, that is, one in principle can study perturbations around a
cone.
The canonical variables gij , π
ij and N are perturbated according to
gij = δij + hij , π
ij = pij , N = 1 + n , (5.10)
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and the Lagrange multiplier Ni = ni. Since we are working in the canonical for-
malism, we introduce the transverse/longitudinal decomposition in the two spatial
dimensions, which allows to solve the momentum constraint (5.3). With the given
boundary conditions on the canonical variables the flat Laplacian ∆ is invertible.
We introduce the two-dimensional decomposition
hij =
(
δij − ∂ij
∆
)
hT + ∂(ih
L
j) , (5.11)
and similarly for pij. We fix the gauge symmetry of two-dimensional spatial diffeo-
morphisms by imposing the transverse gauge, hLi = 0. The linear-order version of
the momentum constraint (5.3) takes the form
∂ipij = 0 . (5.12)
This is equivalent to pLi = 0. The linear-order version of the constraint H (5.5)
takes the form
β∆hT + 2α∆n = 0 . (5.13)
Assuming α 6= 0, this equation implies
n = − β
2α
hT . (5.14)
Therefore, the constraints Hi and H and the transverse gauge fix the variables hLi ,
pLi and n, leaving the transverse sector h
T , pT and the Lagrange multiplier ni active.
Now we move to the canonical equations of motion (5.6) and (5.7). The longitudinal
sector of Eq. (5.6) yields an equation for ni,
∆ni + ∂ijnj = − 2λ
1 − 2λ∂ip
T , (5.15)
whose solution is
ni = − λ
1− 2λ∂i
(
1
∆
pT
)
. (5.16)
Note that in Horˇava gravity, unlike General Relativity, we do not have the freedom
to set, for example, t = 1
∆
pT . In the generic formulation of the Horˇava gravity
there is no gauge symmetry, additional to the spatial diffeomorphisms, that allows
to obtain ni = 0. This variable can be indeed swichted off by a gauge choice, as
we did in section 3, but using precisely the spatial diffeomorphisms symmetry, and
in this perturbative analysis we have already use them to impose the transverse
gauge. A different situation happens int he kinetic-conformal formulation, where
the condition pT = 0 enter in the game as a constraint of the theory. In this case,
by an analysis paralell to the one leading to Eq. (5.16), one obtains ni = 0. The
trace of the linearized Eqs. (5.6) and (5.7) leads automatically to their transverse
sectors. The trace of these equations, after using (5.14) yield, respectively,
h˙T =
2
1− 2λp
T , p˙T =
β2
2α
∆hT . (5.17)
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These equations imply
h¨T − β
2
(1− 2λ)α∆h
T = 0 . (5.18)
Thus, the transverse scalar (hT , pT ) is the physical mode propagated by the theory,
with squared speed β2/(1− 2λ)α at the level of the linearized theory. As we com-
mented previously, the speed of the scalar gravitational wave in the z = 1 theory
depends on the absolute value of β. The stability of this mode, in the effective
theory, impose the bound
(1− 2λ)α > 0 . (5.19)
5.3 Differentiability of the Hamiltonian and the energy
Similarly to the case of General Relativity, one may ask whether the asymptotic
conditions impose restrictions on the differentiability of the Hamiltonian. For this
aspect we study the purely gravitational theory, without coupling to sources. We
remark that in the z = 1 potential of the Hamiltonian,
−√gN (βR+ αakak) , (5.20)
besides the Ricci-scalar term, we have the a2 term characteristic of the nonpro-
jectable Horˇava theory. The variation of the Ricci-scalar term with respect to the
metric yields
−βδ
∫
dx2
√
gNR = −β
∫
dx2
√
g
(−∇ijN + gij∇2N) δgij − βδµ
∮
dθ , (5.21)
where we have used the fact that the Eintein tensor vanishes in two dimensions. The
second term in the right-hand side of (5.21) is a boundary term posing an obstruc-
tion to the differentiability of the Hamiltonian, hence we must add the counterterm
+2πβµ . (5.22)
Of course, this is the same counterterm of 2 + 1 General Relativity [1], except for
the presence of the coupling constant β (recalling that we use units with 2κ = 1,
otherwise κ also arises in the counterterm). The dependence onN of the Ricci-scalar
term is algebraic, hence it gives no total derivatives when N is variated.
The a2 term is algebraic in the spatial metric, hence its variation with respect
to the metric yields no total derivative. Its variation with respect to N yields
−αδ
∫
ddx
√
gNaka
k = α
∫
d2x
√
g
(
aka
k + 2∇kak
)
δN − 2α
∫
d2x
√
g∇k
(
akδN
)
.
(5.23)
The last term is equal to a line integral at the infinite boundary,
−2α
∮
∞
dlnka
kδN . (5.24)
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According to the asymptotic flatness condition, we have that the orders of these ob-
jects are dl ∼ r−µ2+1, nk ∼ r−µ2 , ak ∼ rµ−2 and δN ∼ r−1. Therefore the integrand
decays as r−2, such that the whole integral is zero. Thus, in 2 + 1 dimensions, the
a2 term is differentiable with respect to N under the asymptotically flat conditions
we have considered, with no need of boundary counterterms.
Although the Hamiltonian (5.2) is apparently given by a nonzero integral in the
two-dimensional spatial slices, it can be actually written as a sum of constraints.
This is similar to the nonprojectable Horˇava theory in 3 + 1 dimensions [17], but
with the difference that there is no remaining boundary term in the procedure (the
boundary term that indeed remains is the one seen in Eq. (5.21), but this is a
different thing). The difference between the bulk part of the Hamiltonian,
Hbulk =
∫
d2x
[
N√
g
(
πklπkl +
λ
1− λdπ
2
)
−√gN (βR + αakak)
]
, (5.25)
and the integral of the constraint H given in (5.5),∫
d2xNH , (5.26)
is the integral of a total divergence,
2α
∫
d2x
√
g∇k(Nak) = 2α
∮
∞
dlnkNa
k . (5.27)
In this boundary integral the balance is similar to the one we did in Eq. (5.24),
in this case with N constant at infinity. The integrand decays as r−1, hence the
integral (5.27) is zero. Therefore, the bulk part of the Hamiltonian (5.25) is identical
to the integral of the constraint (5.26). We may write the full Hamiltonian as a
sum of constraints plus the boundary counterterm needed for its differentiability,
H =
∫
dDx
(
NH +NkHk + σPN
)
+ E , (5.28)
where the boundary term is given by E = 2πβµ. This result implies that the energy
of the gravitational field of the 2 + 1 nonprojectable Horˇava theory is given by E,
with µ varying among the different solutions. The constant µ affects the dominant
mode in the asymptotic expansion since it determines the power of asymptotic
growning/decay in the coordinate system used in (4.2). This is the same behavior
of 2 + 1 General Relativity. Again, the difference is the presence of the coupling
constant β (E = πβµ/κ in other units).
6 Conclusions
Our main conclusion is the rather surprinsing result that the solution for the grav-
itational field of a massive point particle at rest in 2 + 1 nonprojectable Horˇava
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gravity is exactly the same solution of 2 + 1 General Relativity, except for the dif-
ferent coupling constant that arises in Horˇava theory. The solution is a flat cone
with a defficit or excess angle proportional to the mass of the particle [15]. It was
found in the large-distance effective action for the Horˇava theory, which is a non-
relativistic theory. On the basis of this result, we have defined the condition for
asymptotic flatness exactly in the same way of 2 + 1 General Relativity [1]. An
outstanding feature of the three-dimensional scenario is the functional variability
of the dominant mode in the asymptotic expansion.
We have also checked that the Hamiltonian is differentiable after the same
boundary counterterm of General Relativity is added to it. Since the Hamilto-
nian eventually gets the form of a sum of constraints plus the boundary term, this
boundary term gives the energy in the asymptotically flat case. This energy is the
same of 2+1 asymptotically flat General Relativity. This coincidence is also relevant
since one could naively expect that the (∂i lnN)
2 term of the z = 1 action contribute
to the energy, as in the 3+1 case, but it does not. Another consequence is that for
the 2 + 1 nonprojectable Horˇava theory there arise the same upper bound on the
value of the Hamiltonian that was found in Ref. [1] for 2 + 1 General Relativity.
The 2 + 1 nonprojectable Horˇava theory has the fundamental difference with
2+1 General Relativity that it is not a topological theory, instead it propagates an
even scalar mode. However, some features are qualitatively the same between both
theories, as we have seen here for the case of the point-particle solution and the
associated asymptotic flatness. If we put together these two facts, some interesting
possibilities arise. For example, gravitational waves propagating on a cone can be
supported by the three-dimensional Horˇava theory. We hope several studies like
this one can be further developed.
References
[1] A. Ashtekar and M. Varadarajan, A Striking property of the gravitational
Hamiltonian, Phys. Rev. D 50, 4944 (1994) [gr-qc/9406040].
[2] M. Ban˜ados, C. Teitelboim and J. Zanelli, The Black hole in three-dimensional
space-time, Phys. Rev. Lett. 69 (1992) 1849 [hep-th/9204099].
[3] D. Marolf and L. Patin˜o, The Non-zero energy of 2+1 Minkowski space, Phys.
Rev. D 74 (2006) 024009 [hep-th/0604127].
[4] A. Corichi and I. Rubalcava-Garc´ıa, Energy in first order 2 + 1 gravity, Phys.
Rev. D 92 (2015) 044040 [arXiv:1503.03030 [gr-qc]].
[5] O. Miskovic, R. Olea and D. Roy, Vacuum energy in asymptotically flat 2 + 1
gravity, Phys. Lett. B 767 (2017) 258 [arXiv:1610.06101 [hep-th]].
[6] P. Horˇava, Quantum Gravity at a Lifshitz Point, Phys. Rev. D 79 (2009) 084008
[arXiv:0901.3775 [hep-th]].
14
[7] P. Horˇava, Membranes at Quantum Criticality, JHEP 0903 (2009) 020
[arXiv:0812.4287 [hep-th]].
[8] A. O. Barvinsky, D. Blas, M. Herrero-Valea, S. M. Sibiryakov and
C. F. Steinwachs, Renormalization of Horˇava gravity, Phys. Rev. D 93 (2016)
064022 [arXiv:1512.02250 [hep-th]].
[9] J. Bellor´ın, A. Restuccia and A. Sotomayor, A consistent Horˇava gravity with-
out extra modes and equivalent to general relativity at the linearized level, Phys.
Rev. D 87 (2013) 084020 [arXiv:1302.1357 [hep-th]].
[10] P. Horˇava and C. M. Melby-Thompson, General Covariance in Quantum Grav-
ity at a Lifshitz Point, Phys. Rev. D 82, 064027 (2010) [arXiv:1007.2410 [hep-
th]].
[11] C. Charmousis, G. Niz, A. Padilla and P. M. Saffin, Strong coupling in Horˇava
gravity, JHEP 0908 (2009) 070 [arXiv:0905.2579 [hep-th]].
[12] A. Papazoglou, T. P. Sotiriou, Strong coupling in extended Horˇava-Lifshitz
gravity, Phys. Lett. B685 (2010) 197. [arXiv:0911.1299 [hep-th]].
[13] D. Blas, O. Pujola`s, S. Sibiryakov, Comment on ‘Strong coupling in extended
Horˇava-Lifshitz gravity’, Phys. Lett. B688 (2010) 350-355. [arXiv:0912.0550
[hep-th]].
[14] T. P. Sotiriou, M. Visser and S. Weinfurtner, Lower-dimensional Horava-
Lifshitz gravity, Phys. Rev. D 83 (2011) 124021 [arXiv:1103.3013 [hep-th]].
[15] S. Deser, R. Jackiw and G. ’t Hooft, Three-Dimensional Einstein Gravity:
Dynamics of Flat Space, Annals Phys. 152, 220 (1984).
[16] T. Regge and C. Teitelboim, Role Of Surface Integrals In The Hamiltonian
Formulation Of General Relativity, Annals Phys. 88, 286 (1974).
[17] W. Donnelly and T. Jacobson, Hamiltonian structure of Horava gravity, Phys.
Rev. D 84 (2011) 104019 [arXiv:1106.2131 [hep-th]].
[18] J. Bellor´ın and A. Restuccia, Consistency of the Hamiltonian formulation of
the lowest-order effective action of the complete Horˇava theory, Phys. Rev. D
84, 104037 (2011) [arXiv:1106.5766 [hep-th]].
[19] D. Blas, O. Pujola`s and S. Sibiryakov, Consistent Extension Of Horˇava Gravity,
Phys. Rev. Lett. 104 (2010) 181302 [arXiv:0909.3525 [hep-th]].111111
[20] A. Staruskiewicz, Gravitation theory in three-dimensional space, Acta. Phy.
Polon. 24 (1963) 734.
[21] P. Menotti and D. Seminara, ADM approach to (2+1)-dimensional gravity
coupled to particles, Annals Phys. 279, 282 (2000) [hep-th/9907111].
15
